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Introduction

B 1D stellar evolution calculation

Basic calculation
to understand stellar evolution
(Henyey et al. 1959)

v Angle dependence averaged

0.2 +
o1+ Roche model
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Introduction

Calculations correctly evaluate the effect of rotation

« All previous stellar evolution calculations are 1D.
« No 2D structure calculations using Lagrangian
coordinate.
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Introduction

H Eulerian/Lagrangian coordinates

- Eulerian : Coordinates fixed in space
Solve for the value of a physical quantity on coordinate

- Lagrangian : Coordinates fixed to a fluid element
Solve for where the physical quantity moves to

A A
2D Eulerian coordinate 2D Lagrangian coordinate

Solve for the value of a physical quantity Solve for the position



Introduction

v Suitable coordinates for the expansion/contraction of stars
v' Appropriate introduction of rotation effects

= 2D Lagrangian coordinate

A
1D Lagrangian
coordinate
A
2D Eulerian 2D Lagrangian

coordinate coordinate




Introduction

B Flow of evolution calculation

Dynamical Evolution
timescale < timescale

¥

I . Hydrostatic equilibrium calculation

¥

II. Time evolution calculation
Nuclear network
Energy transportation

Repeat = Evolution Calculation
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O Numerical Methods

v' Configuration (Lagrangian formulation)

v Self-gravity (Spectral method)



Flow of calculation

Configuration
v'Lagrangian formulation
v'"W4 method

&
Self gravity

v’ Spectral method

-
Remeshing

v' Interpolation




Method: Configuration

B Lagrangian formulation

4 Force-balance eq. :

1 1
;VP = -Vo¢ + EQZV(R sin @)%

@ " Solve for the position

(Not for values of physical quantities)

J
If not set up appropriately,

no solution exists.

Assumption: axisymmetry, equatorial symmetry



Method: Configuration

B Flow of configuration calculation

1. Setting distributions of mass, entropy and angular
momentum

2. Finding the hydrostatic equilibrium configuration without
changing the given physical quantities

1 1 .
A Balance eq. : ;vp = -V + EQZV(R sin ©)2

entropy (pressure)

angular momentum



Method: Configuration

B Two types of coordinates

v Lagrangian coordinate
Spherical reference configuration

A = Give the distribution of physical quantities
_____ (r,8)
nx:::::‘ﬁ\\
/,///\\\ ‘\\\ (R, @)
m g sy v’ Eulerian coordinate
<, Non-spherical configuration
] 5. = = Spatial position
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Method: Configuration

B Flow of configuration calculation

1. Setting distributions of mass, entropy and angular
momentum

2. Finding the hydrostatic equilibrium configuration without
changing the given physical quantities

1 1 .
Balance eq.: —vVP = —-V¢ + = 02V(R sin 0)?

P 2
t : A
entropy (pressure) Density: p = Am
AV
angular momentum AV = |det]|Av
(0R3/3 d cos ©
i or3/3 . or3/3 cos 6
EOS: P = P(p, S) dR3/3 0 cos ©
Rotation law: Q = Q(R, 0) dcost] , . 9cosOs ]




Method: Configuration

Lagrangian coordinate
4, (Spherical reference configuration)

--------- S, . 1 1
iy fulerian coordinate - — VP + Ve — EQZV(R sin®)2 =0 : Balance eq.
Ly p
I/I,'l g (
------ oP @
’“v ) Fr = R = TP G_CI]: — p(Rsin®)Q?%sin® =0
/////' /,,’E\E\:,\*\:/ \“‘ ‘\\ F aP 6(15 (R ] @)QZ @ . 0
LT NN ¢ « \ © = Roe " PRae ~PLUTSID cosY =
JdR ROO
EN_ | ar or |(Fr\ . :
(Fe) =\ 3R RAO (F@) : coordinate (R,0) — (r,0)
rdd roo
dP oR RO pj? oR ROO
5 = oG (502 G ano + ()] -
T dr P or grav or grav (R sin @)3 or Sin or CcoS

2

p dP N (aR)F(R) +(R6®>F(@) N pJj KaR) _ ®+(Ra®) @] _0
o~ P1\7a0) "erav T 759 ) “Erav (R sin®)3 [\ro6 > a6 )




Method: Configuration

Differentiation :

Py + Py; — Py — Py R3; — Ri3\ (r) R;2(03; — 012)\ (o)
F = — +p (—> Fgrav + P Fgrav

2 R,- — R R,, (0., — 0
n P_] ( 23 21) sin 0, + 22(03; 12) c0s0,,| = 0
(R sin 0;;)3 r3s—n 3 —n

Pip + Py — Py — Py [( R33 — R34 ) (R) <R22(®23 - 921)> ) ]
Fp = +p|(2—2L)E®) + E
’ @ —0) [\ -0)) T T\ 6 —6) ) E

P <R23—Rzl )siney, + Raa@2 =020\ |,
(Ra2 sin ©33)3 [\, (63 — 6;) 22 22

3 —"

r2(03 — 6;)
A Z A 4
(R,0) T3 (r,0)
8, P11 T P12 T P21 T P22
(R31,031) p=
4
¥z
(R21: 921) (921. P21) (pZI, P21) ,
2
(R32; 033)
(Ri 044 X110 P11) T (P11, P11)
(R22,922)
(Ry2:012) (P22, P22) TR
ﬁxed (P12, P12) % (P12, P1z) \P22,F22 ,
3
(R13,013) (Rz3,023) (R33, 93:5 P



Method: Configuration

B W4 method okawa et al. 2023

Root-finding scheme for nonlinear simultaneous equations
using iterative methods
« Local convergence similar to the Newton method

« Excellent global convergence
— Useful for stiff equations which cannot be solved

by the Newton method
( dx
d?x dx _

dr?
—=-2p—-YF
\dr p

Xnt+1 = Xp + ATXpy
Pn+1 = (1 — 2A7)py, — AtYF(xy,)
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Method: Self-gravity

® Solve Poisson's equation by spectral method with Legendre
polynomial (u = cos ©)
Use the Eulerian coordinate

v Laplacian takes the simplest form
v Application of the spectral method becomes easiest

9/ b\ 0 o
2 _ o (p2ZFN L T I 2
Vp(R, 1) = 4nGp(R, 1) — R (R 6R) + o [(1 u )au] 4mGpR
4 Eulerian coordinate ( Imax Mmax
PR =D > amPi(RIPA()
< =0 m=0
lmax Mmax
AmGp(ROR? = ) ) i Pi(R)P ()
. =0 m=0

P,: Legendre polynomial
P,: shifted Legendre polynomial




Method: Self-gravity

® Solve Poisson's equation by spectral method with Legendre
polynomial

Vip(R,u) = 4nGp(R,u) - R (R2 64)) [(1 — a—(ﬂ = 4tGpR*>

Legendre polynomial

d d
E[(l —x?) = f(x)] F A+ DG = 0

1.00 A

e

75 A

0.50 1

<

25 1

Shifted Legendre polynomial

0.00 1

x+1
[_1)1] - [O) R*] R = R* 5 —0.25 1
R. _ R, —0.50
fo PI(R)Pm(R)dR = m5lm —0.75 - ]Iz(l) - ]Izz - ]Izi

—1.00 -

—-1.00 =075 —=0.50 —0.25 0.00 0.25 0.50 0.75 1.00




Method: Self-gravity

d 3J0) 0 dp
2 (p2 o _ ,
OR (R 6R> T ou [(1 ue) a‘u‘ AnGp(R, WR

( Imax Mmax

BRI =D > amPRP(W)

=0 m=0
lm aaaaaa

AmGpRUDR? = ) ) by Pi(R)Bn (W)

\ [=0 m=0

2.2

d d _ _
— (RZ — P (R)> Ay P () — m(m + Day, PI(R)B, (1) | = Z bim P, (R) Py, (1)

dR dR

i (RZ iE(R)) Ay — m(m + 1)alm E(R)

> = binP(R®)

dR dR




Method: Self-gravity

B Differentiation of Legendre polynomial

d
EPZ(X) = 21-1)P_1(x) + (2l = 5)P,_3(x) + -

0 1 0 1 0 1
/03 0 3 0 \
0 5 0 5




Method: Self-gravity

B Multiplying Legendre polynomial by R*
RP(R) = ) DnPa(R)

D, = antl (AR)3 [ a’ fllPl(x)Pn(x)dx + ZaJ

AR 2

_2n+ 1<AR)3[ a?

AR 2

(1),
D"

(2).
p@: |

1

-1

2n+1J_

2n+1

1
f xP;(x)P,(x)dx
~1

x2P,(x)P,(x)dx = <

S + 2aD Y + D{j)]

(Arfken 1985, p. 700)

1

xP;(x)P,(x)dx + f

-1

[ 200+ 1)
2L+ 121+ 3)
21

(2l-1D@L+ 1)

[ 20+ 1D +2)
2L+ 121+ 3)(21+5)
2212 +21-1)
L-1DQI+ 121+ 3)

2l1(1—-1)

forn=101+1

= <
forn=1-—1

forn=101+4+2

for n=1

|21=-3)2l-1D(2L+1) forn=1-2

1

-1

x?P;(x)P, (x)dx]

Rin + Rout
AR




Method: Self-gravity

Z = 2 by Py (R)

0 Jd - ol
ﬁ(RZ ﬁPI(R)> Aim — m(m + 1)alm Pl(R)

S“ S“ ly S“ Cll’”Dl”’l”Cl”l’ — m(m + 1)5111
_ M’
- I
DY My PR = byt Pi(R) = ) Miyyys = by
-1
rr N ]

Ay = M”/ by
My = A
lll -_ N

armPR) = ) b Pi(R)

m

m'-line




Method: Self-gravity

B Boundary conditions

v Inner boundary

a(pm’
OR

R=0

=0

v" QOuter boundary

0,
OR

R=R,

m +1
R,

.

P

ONNES Z alm’Pl(R)

l

= Z aX(DHA+1) =0
l

= 2 a, i x{m' + 1)+ (= DI} =0
l

]

m'-line:
Outer boundary

\\/ mmax_llne:

Inner boundary



Method: Self-gravity

5

B Coefficient of density
lmax Mmax 1
AmGp(RIDR? = " > binPi(R)Pr(k) |
=0 m=0 27
v' Gaussian quadrature method

0 I L L 1 1 L L L L
-1 08 -06 -04 -02 0 02 04 06 08 1
node

204+ 12m+1 (R 1 _
bim =~ — f f 4ntGp (R, W)R2P,(R) Py (1) dRdly
* 0 -1

Ny

ng
20+12m+1 —
= R > Z Z 47TGp(xir»yi9)xi2rPl (R(xir)) Pm(yie)WirWie

3 3
p'(r,0") = Z Z M; ()M (B)p (7, 6
j=1k=1 (-1<apf<1)
My(a) = -5 (1—a)
My(a@)=(1+a)(1—a)
By@ =21+ )

\ 4



Method: Self-gravity

B Expansion coefficients of gravitational force

_ -1
Ay, = M”/ blm’

340 -
Fg(ﬁ)v(R,u) = a_R = 7 7 y Crr @y PL(R) B (1)

—1 mm

Z Z 6 B,(R) Py (1)

=0 m=0

dp sin® JdP ~

(@) _ _ _

Fgrav(Ruu) “ROO® R dcos® 5 ) 5 . 5 . alm'Cm’mPl(R)Pm(/l)
lmax Mmax—1

=) ) GRRRPW

=0 m=0
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Method: Remeshing

B Remeshing

Dealing with problems due to mesh deformation
(due to numerical errors associated with finite differences)

1. Create a new smooth grid
2. Redistribute conserved quantities on the new grid

“'\‘X | | . v Inaccuracy
e Z1gzag

X et v' Non-convergence
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Model

® EQOS.: Barotrope

v’ Isobaric and isopycnic surfaces coincide
1
P = K0p1+N (N — 15)

® Rotation law
For rsin8 » 1, j-constant law (Eriguchi & Mueller 1985)

0.06

0.05
jo(r sin 6)?

1+ (rsinf)?

0.04 j(r,8) =
0.03 *~

0.02

0.01

0 0102030405060.70.809 1
X



Results (Barotrope)

B Models with different rotation rates

Intermediate Rapld Gravitational energy :
1
Ry Ry ==/ pp v
R_eq = 0.743 R_eq = 0.380 Rotational energy :
1
14 174
Shrink | spherical —<—
intermediate rotation — = —
rapid rotation
\ \\(\*\\ :
T\ 2> " Elongate |
__\ - ‘ ‘ |

1.5 2 2.5



Results (Barotrope)

B Angular momentum distribution

v Angular momentum is determined solely by distance
from the axis of rotation

N =15 Intermediate rotation model
(N, Ng) = (16, 16)
1 0.6
0.9
i 0.5
0.7 0.4
0.6
N 0.5 0.3 ~=
0.4
05 0.2
0.2 0.1
0.1
0

0 0.2 0.4 0.6 0.8 1 1.2
X



B Convergence of accuracy

Our finite-difference scheme is of second-
order accuracy.

Results (Barotrope)

_— 13U + W + 2T|
U+ |W|+|T]

>’ ‘IO_3 3

1074 3

107

N=1.0 (spherical) ——
( rotation) —x—
N=1.5 (spherical) — + -
( rotation) — X —
N=2.5 (spherical)
( rotation)

10

20
Nr (Nt)

10

Gravitational energy :

1

Ezfﬂff)dv

Rotational energy :
1

2
Integrated pressure :

U= [PdVv

= —[ pQ?(Rsin ©)? dV

N=1.5 (spherical) ——
(rotation) — X —

100
N, (Ng=16)




Summary

A new method for calculating the hydrostatic equilibrium structure
of stars in 2D using a Lagrangian formulation

Configuration
v Lagrangian formulation
v W4 method

Self-gravity
v' Spectral method

Remeshing
v' Interpolation

Future Work

v' Multilayered stars
v Introduction to various physics
v' Application to general relativity (Okawa et al. 2022)



