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BEZEERBEEREZA 77U NEDL?

P L digits 4 Initial % L+R+a H: ¢ 91'“E* xl# :JIJ\Q&: \I,~§- Ebb&ﬁ (/:
. T . : L DR E - STEPICE L D5RE
: jo : R %/é“%ﬂ}i &*BODMT%Z%E’PT: &
J7 T # J7 | - TRILS
F(x) é Extented  F(x) é ¢ %Ea* ;Iﬁﬁ_)ﬁil ﬁbn-l.ﬁ
“exs | oeression o .3 1 (R produmble) nab\bEL_%ﬁﬂc
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\ \ ) / 7]% / = ' . EE e P . e
\ ) / T IEEE754-1985 2] 2 e i Bl /NS A0 X

/W \ S Binary Interchange Format Floating-point Numbers peeeen

+ [[4bits|: 1 |1 bits (+1 bit) | binary16

I\ — N —7 e __ T .
IE; ré - é _lj_ /j— l\ D | [EEE754-1985 A P8 /NS BOE Ez i’ﬁéz%‘f)ﬁ) 5 FBLADI) g |

' Basic F Floating-point Numb Bi ML i

% %) = /_I_ jJ /J \ &“\\ & i asic rormat Floating-point Numbers (Binary ” iﬁiﬁ * BEECER or /NECEL I
. MMz FFoR (Lbit) | + (| 8 bits 5___1_ 23 bits (+1 bit) binary32 |

° |EEE754 blnaryl6<-—_-7|R | %i*ﬁﬁ(smgle) 32 bits—> |

rﬁ) y b I Nna ryB 2 <$ \Ii}_l_> y E * 11 bits 1 - 52 bits (+1 bit) binary64 E

b I na ry64 ('fﬁ” ) i < — RS (double) 64 bits > .
ESPFS - isbis [ 1} / / 112 bits (+1 bit) binary128

/ 7 l\ r7 — j %f —g— % !\ < iﬁ*%ﬁ(quadruple) 128 bits > !
SEEEEFSEh A e

» Double-double(DD), o
Triple-double(TD), _r;pfr_z;es Pt
Quadruple-double(QD)(, "
_float128(binary128)) i O s

+ MPFR(/GMP) e A

2023-12-08(Fri) #20EHPC-Phys 7 — 2 & 5 v 7 (%k)---ceil ( _mpfr_prec / mp_bits_per_limb ) — 1 6
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5. HEREZMREEQD

. Dekker—>double double(DD)—Quadruple-Double(QD)
lilEEEZi‘;[((i)(:)lub'a | | TEEEJdS_‘;[(:(:TUble—l

=+ | exponent Mantissa =+ | exponent Mantissa

Double—double(DD)

IEEE754 double IEEE754 double IEEE754 double IEEE754 double
qd_a[0] ] ad_a[1] ] qd_a[2] ] qd_a[3]

=+ | exponent Mantissa

-+
I+

exponent Mantissa + | exponent Mantissa exponent Mantissa

Quadruple—double(QD)

49 510 2 7 68 = L E (T = () =
/\\\I:I/!:L\ TSE/%OD /\%\Eg_- (J: %DD QD//\E =z
Algorithm 4 QuickTwoSum Algorithm 7 (p, ¢) .= TwoProd FMA (a, b) GuelcTuesSum Tuossum
(s, ) := QuickTwoSum(a, b) p=a®b a a
s:=adb e := FMA(a,b,—p) (=a x b—p) i
e:=b6(s6a) return(p, €) b e hb—» +|—>» ¢
return (s, ) i
Algorithm 5 TwoSum & TwoDiff s s
(s, e) := TwoSum(a, b) (d, e) := TwoDiff(a, b) i . ] 4
s:=a&b d:=a06b i
vi=856a v:i=dOSa i 5 »
- —> —> ¢
= (a5 (s5v) @ (o) ¢:= (e (dov) e (o) b= ">
return(s, e) return(d, e) i i
S
2023-12-08(Fri) 220[EHPC-Phys7 —27 > a v 5 7



3. GNU MP(GMP) D &R IE

GNU MP(GMP)

gmpxx (C++73R5414T31)) MPFR C++
mpzt | mpat . mpft GNU MPFR
SR | SR | SR

BY | BEH | FBOMEN mpfr_t

an

GENEeriC - —mmpmmmmmmmmm oo |
MFCI—F | g6 |x86 64/ Arm

LJPU7—$77?Vf&E%
witsht=-7t>75a—F
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Categorization of optimization techniques for HPC

Architecture-oriented speedup

technics
\
=
/ \ > MPI
(@] (o] (@] (@]
pu h Computiag_ Computing Computing
Node 0 Node 1 ~~Nade 2 Node 3 )

ore
immintrin.h < :
A

CPU 1

CPU 2

CPU 3

~

OpenMP,
Pthread

Optimization using computing
algorithm

Long-digit real multiplication
« Karatsuba method

» Toom-Cook method

e FFT

Complex multiplication
« 3M method

Matrix multiplication

« Blocking(Tiling) algorithm
« Strassen and Winograd

» Ozaki scheme (New!)
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Optimization of multiple-precision matrix multiplication and
its application

XxGEMM GPU
Opt.Method None AVX2 OpenMP Ozaki Scheme CUDA Ozaki Scheme
DS ? ? ? ? Mukunoki Mukunoki
TS ? ? ? Utsugiri Utsugiri Utsugiri
Qs ? ? ? ? ? ?
IEEE754 Binary128 MPBLAS ? MPBLAS Mukunoki Mukunoki Mukunoki
Lis, MuPAT
MPBLAS Lis, MuPAT ' ’
DD ’ 'S, VU MPBLAS, Utsugiri Mukunoki Mukunoki
BNCmatmul BNCmatmul
BNCmatmul
D BNCmatmul BNCmatmul BNCmatmul Utsugiri Utsugiri Utsugiri
MuPAT, MuPAT,
Qb MPBLAS, BNCmatmul MPBLAS, Utsugiri ? ?
BNCmatmul BNCmatmul
MPBLAS MPBLAS
/] 2 ’ .. )
MPFR BNCmatmul ) BNCmatmul Utsugiri cumPp '
MPLAPACK/MPBLAS https://github.com/mahonakata/mplapack
MuPAT Yagi, H et.al(2020)
Lis https://www.ssisc.org/lis/
CUMP https://github.com/skystar0227/CUMP
BNCmatmul https://na-inet.jp/na/bnc/
Mukunoki Mukunoki, D et.al.(2021)
Utugiri Utsugiri(2021-2023)

2023-12-08(Fri)

£20[EIHPC-Phys7 —2 > 3 v 7/

« Completed
implementation of
optimized DD, TD,
QD and MPFR
matrix
multiplication
(XGEMM)

e Found the
effectiveness of
Ozaki scheme

e Confirmed the
effectiveness of
Ozaki scheme to
LU decomposition

11



BNCpackh o BNCmatmul~

+ BNCpack: MPFR/GMP R — 2 D S RIEEMIETNE T A 77

) <|\/| | R— )
-

« BNCmatmul: MPFR/GMP, DD, TD, QDEEENEETE D&
@it A4 7 7 https: //github.com/tkouya/bncmatmul
« SIMD(AVX2, AVX-512)DH R — k
« OpenMPI(Z & %51t
e Strassen, Winograd{T?ZEE D EH
« BIFRF— LDEE
- LUAE (EEE)
e« DLL1E + Pythont R — k

2023-12-08(Fri) #20[EHPC-Phys7 —2o > 3 v/ 12


https://github.com/tkouya/bncmatmul

SBNCmatmul's software layer

bench_matmul.py
rdd.py matmul_general_[d,t,q]d.c \
' mpmath | rdd.c [d,t,q]d linear.c
“gmpy2 | "PI-ddC rdd.h )
. MPFR 4 bncavx.h
] GNU MP/ c_dd qd.h / 7
C / x86 64 CPU /’7 AVX2 )
librdd.so libbncmatmul-0.21.s0

libbncmatmul-0.21_avx2.so

« All FP computation is supported on CPU.
 Limited functionaries but faster than MPLAPACK/MPBLAS

« Multi-component-way fxed-precision arithmetic is constructed with
original ANSI| C codes : Double, DD, TD, and QD

« Multi-digit-way arbitrary-precision arithmetic is based on MPFR/GMP
« Serial multiple-precision computation is runnable on Python ecosystem.

2023-12-08(Fri) #20[EHPC-Phys7—2o >3 v/ 13



QOur targeting FP precision: DD, 1D, QD and MPEFR

IEEE754 double IEEE754 double
/ dd_a[0] I dd_a[1]
+ | exponent Mantissa + | exponent Mantissa

Double—double(DD)

Accelerated with AV X?2

~

&, o|®@|FMA|if [Machine epsilon

——IEEE754 double N IEEE754 double N IEEE 754 double——— DDadd and DDmul| 21 |3 1 0 1.2e-32

td 2[0] . tdall] . tdal2) . TDadd and TDmul| 80 |3| 5 |8 1.4e-48

=+ | exponent Mantissa =+ | exponent Mantissa =+ | exponent Mantissa QDadd and QDn’lul 294 13 10 10 158_64
Triple—double(TD)
IEEE754 double IEEE754 double IEEE754 double IEEE754 double
qd.al0] N qd.al 1] N qd al2] N qd a[3]
+ | exponent Mantissa + | exponent Mantissa + | exponent Mantissa =+ | exponent Mantissa
\ Quadruple—double(QD) /
(Ce— T T T T T T TN
: _mpfr_prec Pr.ec1§10n : ) .. ) )
| inbits | MPFR: Arbitrary precision FP arithmetic
| . .
| | _mpfrsien &— Sign 1 based on MPN kernel of GNU MP
| |
| |
| _mpfrexp [ Exponent | .
| b | MPBLAS in MPLAPACK: MPREAL C++ class
tert . . .
L~ kmpfrd <— o0 ) Mantissa library calls MPFR functions
G ———————————————— / J/ BNCmatmul: Directly calls MPFR
0 : 9 3 functions—about 10% better performed




Computing environment for benchmark tests
AeRY™ Be RY™" — AB e R

Each element: (ru —0.5) x exp(rn)
ru: uniform rand on [0, 1], 7n: normal dist. rand on [-1, 1]

« [ Xeon] Intel Xeon W-2295 3.0GHz 18 cores, Ubuntu 20.04.3 LTS,
Intel Compiler version 2021.5.0, MPLAPACK 1.0.1, MPFR 4.1.0

e [C++(icpc), Clicc)] -O3 -fp-model precise -qgopenmp -axCORE-
AV X2 -march=skylake -mtune=skylake -mcpu=skylake



Comptational Time (second)

Max. Relative error

DD, TD, QD on Xeon

DD Matrix Multiplication: Xeon

180
160 —
©
140 §
120 &
100 g
80 =
60 e
Rl
40 E
2= et a
: e
0 500 1000 1500 2000 2500 3000 3500
Dimension: n
— MPBLAS ~  ===-- Strassen+AVX2 0Z4
QZ5 —0Z6 —0QZ7
DD Matrix Multiplication: Xeon
1.00E-20
1.00E-22
1.00E-24 §
@
1.00E-26 g
1.00E-28 &
.O0E- &
1.00E-30 tmpem"" e Mot i I §
' e — =
1.00E-32
0 500 1000 1500 2000 2500 3000 3500
Dimension: n
——— MPBLAS ===== Strassen 0zZ4
0Z5 —Q0Z6 — QL7

2023-12-08(Fri)

450
400
350
300
250
200
150
100

wu
o

1.00E-42

1.00E-43

1.00E-44

1.00E-45

1.00E-46

1.00E-47

1.00E-48

1.00E-49

TD Matrix multiplication: Xeon QD Matrix multiplication: Xeon
2500
]
rd o
S 2000
2 b
@ 1500
s =
= 1000
Pl 5
4 —
Ve & 500
l' =3
g a
St £ 0
.',‘-" © 0 500 1000 1500 2000 2500 3000
,,,,,,,,,,, i e Dimension: n
500 1000 1500 2000 2500 3000 3500
Dimension: n — MPBLAS ----- Strassen+AVX2 0Z 10
0Z11 —0Z12
-Strassen+AVX2 ——0Z7 OZ8 0Z9
TD Matrix multiplication: Xeon QD Matrix multiplication: Xeon
T 1l.E-51
c
9 1.E-53
a
< 1.E-55
L))
£ 1.E-57
'—
w 1.E-59
| o=
S 1E-61
(]
5 1.E-63 — e
o ”v#
g 1.E-65
£ o 0 500 1000 1500 2000 2500 3000
Dimension: n
0 500 1000 1500 2000 2500 3000 3500
Dimension: n — MPBLAS ~  =-==--- Strassen+AVX2 0z 10

0Z11 —0Z12
Strassen+AVX2 ——0Z7 0Z8 0Z9
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Computational Time (Second)

Max. Relative Error

MPFR 256, b17, 768bits on Xeon

4000
3500
3000
2500
2000
1500
1000

500

Matrix Multiplication: MPFR 256bits, Xeon

1.E-72
1.E-73
1.E-74
1.E-75
1.E-76

1.E-77

20

1000 2000 3000 4000 5000
Dimension: n

— MPBLAS ==--- Strassen 0z 12

0213 ——0Z14 ——0Z15
Matrix Multiplication: MPFR 256bhits, Xeon
,'1-""'
.~
,“l
i —
0 1000 2000 3000 4000 5000
Dimension: n

——— MPBLAS ====-- Strassen 0Z 12

0213 —0Z14 ——0Z15

23-12-08(Fri)

Computational Time (Second)

Max. Relative Error

5000
4500
4000
3500
3000
2500
2000
1500
1000

500

Matrix Multiplication: MPFR 512bits, Xeon

0 1000

2000

Dimension: n

3000 4000 5000

— MPBLAS =-=---- Strassen
0Z 25

0724

—0726 —0727

Matrix Multiplication: MPFR 512bits, Xeon

1.E-144
1.E-145
1.E-146
1.E-147
1.E-148
1.E-149
1.E-150

1.E-151

1E-152 7%

1.E-153

1.E-154

0 1000 2000 3000

Dimension: n

4000 5000

——— MPBLAS ====-- Strassen
0Z 25

0Z24

— 0226 —0Z27

FE20EHPC-Phys7—2>a v/

Matrix Multiplication: MPFR 768bits, Xeon
7000

6000
z
o 5000
@
£ 4000
£
= 3000
o
£ 2000
(o]
(u]
1000
0 -
0 1000 2000 3000 4000 5000
Dimension: n
—— MPBLAS -==--- Strassen 0OZ 35 0OZ 36
— QZ 37 0Z 38 039 ——0Z40

Matrix Multiplication: MPFR 768bits, Xeon
1.E-210

1E-213
2 1E216
w
21219
=
3 1.E-222
%
o 1.E-225
=
1E-228 P T et S
1.E-231 =
0 1000 2000 3000 4000
Dimension: n
—— MPBLAS -===-- Strassen 0Z35 0Z 36
—0Z37 ——0738 ——07Z39 ——0Z40

5000
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A quick summary of optimization techniques for multiple precision
matrix multiplication

 Long precision & Large size : Strassen,

« Short precision & Middle size: Block

« Middle precision & Middle Size: Ozaki scheme
 Most effectivein TD — QD - MPFR 768bits precision

e 450 calls of Intel Math Kernel GEMM (about 30
division) is a bound of effectiveness = MPFR 768bits

000N -

. mul
. mul
. mul
. mul

dd,td,qd,mpf
dd,td,qd,mpf
dd,td,qd,mpf
dd,td,qd,mpf

matrix_simple
matrix_block
matrix_strassen
matrix_oz

il
il
il
il

| IS y IS Ry Sy S—

. Winograd
Size of _ _
Matrices « Small size : Simple
4000 ——
Ozaki
2000 — Scheme
Block N
Tilin Strassen
( = Winograd
Sumple Length of
53 11'151?'3 159 212 Ly 7 mantissa
binary6é4 DD ' TD QD MPFR

float128




Test linear system of equations

(L)x = b

Ui
Ul2
L
L21 A22 — L21 U12
T
K

2023-12-08(Fri)

As an application of optimized matrix multiplication, we implemented LU de-
composition in the direct method for various benchmark tests, including the
Top5d00, and measured its utility on Xeon. The corresponding n-dimensional
linear system of equation is:

Ax = b, (2)
where A € R™*"™, x € R”, and b € R” become ill-conditional as follows:

A: The diagonal matrix is D = diag|d; - - - d,], where d; := 10726(=1)/7 The
random matrix is R € R™*"; then, A is calculated as A := RDR™! using the
mpmath Python library. Therefore, the condition number of A is ko(A) =
|Al[2]| A7 |2 = 1025(*=D/" which requires super-DD precision arithmetic to
gain accuracy.

x,b: After setting x =1[01 --- n—1]1, b:= Ax is calculated using mpmath.

520[EHPC-Phys7 —2o > a v > 19



Second

Max. Relative Error

30

25

20

15

10

1.E+07
1.E+06
1.E+05
1.E+04
1.E+03
1.E+02
1.E+01
1.E+00
1.E-01

DD, TD, QD LU on Xeon

LU decomp. n=2048, DD 106bhits, Xeon

500 1000 1500 2000 2500
NDIM (K)
----- Normal LU Strassen 0Z,5
0Z,6 0z, 7 0Z,8
LU decomp. n=2048, DD 106bits, Xeon
500 1000 1500 2000
NDIM (K)
----- Normal LU Strassen 07,5
0Z,6 0z,7 0Z,8

Second

Max. Relative Error

160
140
120
100
80
60
40
20

1E-01
1.E-04
1.E-07
1.E-10
1.E-13
1E-16
1.E-19
1.E-22

LU decomp. n=2048, TD 159bits, Xeon

500 1000 1500 2000
NDIM (K)
----- Normal LU Strassen 07,6
0z,7 0z, 8 0z,9

LU decomp. n=2048, TD 159bits, Xeon

2500

500 1000 1500

NDIM (K)
----- Normal LU Strassen 0Z,6
0z,7 0z, 8 07,9

2000

Second

Second

450
400
350
300
250

150

LU decomp. n=2048, QD (212bits), Xeon

500 1000

1500
NDIM (K)

2000

Normal LU Strassen QZ, 10 07,11

LU decomp. n=2048, QD (212bits), Xeon

0 500 1000 1500 2000

NDIM (K)

Normal LU

Strassen 0z, 10 07,11

 Reduced the effectiveness due to rectangle matrix multiplication used in LU

decomposition

* Trend of optimization is similar with square matrix multiplication

2023-12-08(Fri)
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MPFR 256, 512, 763 bits on Xeon

LU decomp. n=2048, MPFR 256bits, Xeon

500

Comp.Time (Second

0 500 1000

NDIM (K)

1500 2000

----- Normal LU

Strassen 07z, 12 0Z,13

07, 14

LU decomp. n=2048, MPFR 256bits, Xeon

1.E-42
1.E-43
1.E-44
1.E-45
1.E-46
1.E-47
1.E-48
1.E-49
1.E-50

Max.Relative Error

1000
NDIM (K)

1500 2000

----- Normal LU Strassen 07z, 12 0z, 13 0Z, 14

LU w/ Ozaki
precision MPFR

2023-12-08(Fri)

Max. Relative Error

1.E-113
1.E-115
1.E-117
1.E-119
1.E-121
1.E-123
1.E-125
1.E-127

----- Normal LU

LU decomp. n=2048, MPFR 512bits, Xeon

500 1000

1500

Normal LU

Strassen 0z, 24

0z, 25

LU decomp. n=2048, MPFR 512bits, Xeon

Strassen 07,23 0Z, 24

#20[EHPC-Phys7 —2 > a3 v/

0Z, 25

Second

Max. Relative Error

----- Normal LU

1.E-194

1.E-19

1.E-198

1.E-200

1.E-202

1.E-204

----- Normal LU

LU decomp. n=2048, MPFR 768bits, Xeon

500 1000

1500 2000 2500

NDIM (K)

Strassen 0Z, 36 0z, 37

0z, 38

LU decomp. n=2048, MPFR 768bits, Xeon

0 500 1000 1500 2000

Strassen

0z, 36 0z, 37

0z, 38

scheme is not faster than row-wised LU decomposition over 768bit-
arithmetic
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sSumma
middle-

ry: Ozaki scheme is effective for
orecision LU decomposition

Prec.

Method

K

Second

Rel.Err.

MPFR
256 bits

Rgetrf
Normal LU

Strassen

N/A
1
96

398.6
250.0
273.7

| 0713

320

167.6 |

2.1E — 50
1.OE — 49
8.3K — 50
3.2E — 50

Prec. Method K |Second| Rel.Err.
DD Rgetrf N/A|l 15.8 [2.4E — 01
106bits| Normal LU 1 5.1 |1.9E — 01
Strassen+AVX2| 32 7.4 |1.8E + 01

[ 076 128 | 4.5 |[9.4E + 01
TD Normal LU 1 | 118.6 [3.9E — 17
159Dbits|Strassen+AVX2| 32 | 95.6 [5.9E — 17
| 0z 7 96 | 19.8) [1.7E — 17
QD Rgetrf N/A| 207.4 |3.8E — 34
212bits| Normal LU 1 | 155.3 [1.4E — 33
Strassen+AVX2| 64 | 180.8 [1.5E — 32
(0Z 12 160 | 83.2)|5.8E — 33

MPFR
512 bits

Rgetrf
Normal LU
Strassen

N/A
1
32

492.3
341.1
390.4

| 0725

576

333.4

-/

2.0FK — 127
2.68 — 127
3.1E — 126
41K — 126

MPFR
768 bits

Rgetrf

N/A

627.8

:Normal LU

1

481.4

Strassen

OZ 38

32
736

491.1
536.6

5.1E — 205
1.9E — 203
3.6 — 203
3.7H — 203




Complex GEMM: 4M and 3M methods

 Multiplication of Complex matrices
AeC™ BecCc>™™ = AB e C™"

« AM method : 4 real multiplications, 2 real additions
AB = {Re(A)Re(B) — Im(4)Im(B)} + {Re(A)Im(B) — Im(A)Re(B)} - i € C™"

 3M method : 3 real multiplications, 5 real additions

T, = Re(4)Re(B) € R™", T, = Im(a)Im(b) € R™*"
AB = (T; — T;) + {(Re(4) + Im(4))(Re(B) + Im(B)) — Ty — T,} - i € C™*™

Implementation of 3M method

1. MPC library https://www.multipleprecision.org/mpc/
2. Bini: MPsolver GNU MP’s mpf-based 3M method

3. BLIS: 3M and 4M CGEMM based on DGEMM



https://www.multipleprecision.org/mpc/

Benchmark test of CGEMM(1/3)

A, Be C**n —> C := AB

Real and imaginary parts of each element
(ru — 0.5) X exp(rn)

'CPU and OS] Intel Xeon W-2295 3.0GHz 18 cores, Ubuntu 20.04.3 LTS
(C/C++] Intel Compiler version 2021.5.0

Compiler Option] -O3 -std=c++11 -fp-model precise

‘with AVX2] -axCORE-AVX2 -march=skylake -mtune=skylake mcpu=skylake
MPLAPACK] 2.0.1, GNU MP 6.2.1, MPFR 4.1.0, MPC 1.2.1




Benchmark test of CGEMM(2/3): DD and QD prec.

Complex MM: DD prec, Xeon

300
1E-25
250
3 1E-26
S 200
g _1E-27
- o
[} pusl
g0 I 1E-28
5 9
o
g 100 Z 1E-29
o ©
“ 50 2
1E-30
0 1E-31
0 500 1000 1500 2000
Dimension: n 1E-32
—3M aAM — MPBLAS
----- 3M_AVX2 AM_AVX2 -=----MPBLAS_AVX2
—3M
——3M_075 ——3M_026 ——3M_0Z7
Complex MM: QD prec, Xeon
350 1E-51
_— 300 1E-53
=] —
G 250 S 1E-55
o o
2 200 o 1E-57
E o
i 150 % 1E-59
g‘loo 2 1E61
Y 50 1E-63
0 — = — 1E-65
0 200 400 600 800 1000
Dimension: n
—3M aM —— MPBLAS
----- 3M_AVX2 AM_AVX2 -===-MPBLAS_AVX2
3M_0Z10

2895 08 (Frif -
3M_0Z11 3M_0z12

« Ozaki scheme(DD, QD +
IMKL DGEMM)
« DD prec.—6 divisions
« QD prec.—12 divisions

Complex MM: DD prec, Xeon

500 1000 1500 2000
Dimension: n

e There is no difference of

accuracy between 4 M
and 3M methods

am 3M_075 3M_0Z6 3M_0OZ7 ==——=MPBLAS

Complex MM: QD prec, Xeon

o

200 400 600 800 1000

Dimension: n

—3M am 3M_0710

3mM_0z11
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Benchmark test of CGEMM(3/3): 256bits and 768bits

Complex Matrix Multiplication: MPC 256bits, Xeon Complex Matrix Multiplication: MPC 256bits, Xeon
5000 1.E-66
5 0 « MPBLAS and Strassen
g 4000 1.E-68 .
2 3500 S 1E-69 b | t I\/l P C
£ 3000 S E70 dalre Ul on
= 2500 L% LE-71 , . . .
S 2000 & 1E72 P e R ° 3 I\/l O k h
RPN s P zaki scheme is
llrZa B de of IMKL DGEMM
oy made 0
0 1E-76 V

0 500 1000 1500 2000 0 500 1000 1500 2000 .t S 1 3 d s~
Dimension: n Dimension: n 2 5 6 b | S I V I S I O n S
——MPBLAS  ====- Strassen 0Z_3M 12 0Z_3M 13 —— MPBLAS  ===-- Strassen 0Z_3M12 0Z_3M 13 —> O / a k| S C h e Mm e | S th e

0Z_3M 14 0Z_4M 12 0Z_4M 13 0Z_4M 14 0Z_3M 14 0Z_4M 12 0zZ_4mM 13 0OZ_4M 14
Complex Matrix Multiplication: MPC 768bits, Xeon fa S t e St
4000 Complex Matrix Multiplication: MPC 768bits, Xeon
L]
g 00 e e [68bits—37
?‘, 3000 _ 1E-223 = . - .
divisions—Strassen is
T'—U 2000 :‘gj 1.E-225
Sume | T — - the fastest
= x _ -l e
NI e SN
s e « The same result as on
0 - 1E-230
0 200 400 600 800 1000 1200 1400
Dimension: n ° 20 0 SOODimenSj:m n w00 e e re a | G E I\/I l\/l b e n C h m a rk
= \VIPBLAS ====- Strassen 0Z_3M 36 0Z_3M 37 w— MPBLAS ===« Strassen 0Z_3M 36 0QZ_3M 37

0Z_3M 38 0Z_4M 36 OZ_4M 37 0Z_4M 38 0Z_3M 38 0Z_4M 36 0Z_4MmM 37 0Z_4M 38



Complex LU : MPC 256, b17, 768 bits

Complex LU, MPC 256bits, n=1024, Xeon

Computational Time (second)

Max. Relative Error

700
600
500
400
300
200
100

0 200 400 600 800
NDIM(K)

1000

Normal LU ===== Strassen

0Z_3M 13 ——0Z_3M 14

0Z_3M 12

Complex LU, MPC 256bits, n=1024, Xeon
1.E-65

1.E-66
1.E-67
1.E-68

1.E-69

LET70 4 Y N

1.E-71
0 200 400 600 800 1000
NDIM(K)
Normal LU ===-- Strassen 0Z_3M 12
0Z_3M 13 ——0Z_3M 14
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Complex LU, MPC 512bits, n=1024, Xeon

2500
o
S
E)’ 2000
£ 1500
=
2 1000
o
S
8
> 500
(o}
g - S
o 0
0 200 400 600 800 1000
NDIM(K)
Normal LU ==--- Strassen 0Z_3M 24
07Z_3M 25 ——0Z_3M 26
Complex LU, MPC 512bits, n=1024, Xecn
1.E-140
1.E-141
2 1E-142
[FE]
o 1.E-143
=
& 1.E-144
(0]
o 1.E-145
=
5 b ’/\ e e S T
1.6-147 |~ STt = et = 2 =
1.E-148
0 200 400 600 800 1000
NDIM(K)
Normal LU ----- Strassen 0Z_3M 24
0Z_3M 25 ——0Z_3M 26
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Computational Time (second)

on Xeon

Complex LU, MPC 768bits, n=1024, Xeon

4500
4000
3500
3000
2500
2000
1500
1000

500

0 200 400 600 800
NDIM(K)

1000

Normal LU ----- Strassen

0Z_3M 37 ——07Z_3M 38

0Z_3M 36

Complex LU, MPC 768bits, n=1024, Xeon

1.E-216
1.E-217
1.E-218
1.E-219
1.E-220
1.E-221
1.E-222
1.E-223
1.E-224
1.E-225

0 200 400 600 800

NDIM(K)

Max. Relative Error

_—— - FRmmE TN N =y T
L L N U - ——

Normal LU ===== Strassen

0Z_3M 37 ——0Z_3M 38

0Z_3M 36
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Summary: Ozaki scheme is effective for
middle-precision LU decomposition

TABLE II: Minimum computational time (s) of MPC LU TABLE III: Minimum computational time (s) of MPC LU

decomposition and maximum relative errors of x on Xeon decomposition and maximum relative errors of x on EPYC

Prec. Method K Second Rel.Err. Prec. Method K Second Rel.Err.

MPC Coetrf N/A | 188.1 | 29E—71 MPC Cgetrf N/A | 2759 | 29E—T71

256 bits | Normal LU 1 134.1 4.5E — 70 256 bits | Normal LU 1 184.1 45E — 70

Strassen 992 | 136.1 1.9E — 70 Strassen 32 182.8 1.3E — 70

0Z 13 352 | 1166 | 6.9E —70 OZ 13 384 | 171.1 3.1E—70

MPC Cgetrf N/A | 2367 | 6.4E — 149 MPC Cgetrf N/A | 3277 | 64E — 149

512 bits NDI‘I’?IHI LU 1 181.7 3.7E — 147 512 bits | Normal LU 1 237.8 3.7E — 147

Strassen | 992 | 187.6 | 8.0E — 147 Strassen | 64 | 240.7 | 3.2E — 147

0Z 25 | 992 | 209.0 | 3.4E— 147 OZ25 | 92 | 279.6 | 34EF — 141

: . MPC Cgetrf N/A | 4284 | 1.6E — 225

MPC Cgetrf N/A | 313.7 | 1.6E — 225 _ 8 , ,

768 bits | Normal LU | 1 253.0 | 2.6E — 224 768 bits Ng{“‘ﬂ‘ LU JQ 2‘;2 f-gg - ggj
Strassen 992 | 2575 | 1.1E — 224 rassen y 2229 | 0T T 4

07 37 095 | 2876 | 15E_ 994 0Z 37 992 | 377.5 | 1.5E—224

 The computational time is slower than on the Xeon: about
20% slower for MPC alone, and up to 40¥% slower for the
Ozaki scheme with DGEMM.

e There is little difference in the maximum relative error.
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| ist of categorized functions in BNCmatmul

» hnique SIMD Parallelization
- None ~  fremmmmeeooioee- fommmmmmeeees T B s
256bits | 512bits |
ersion ( ! !
AVX2 ; AVX-512 OpenMP . MPI
= : :
BLAS 1 {FYpy oo |To|ap(mMPFR) (D} DD|TD|aQD| | {D} DD |TD|aQD D DD | TD | @D (MPFR)\l (MPFR)
BLAS 2 Fyp3[op |70 |ao|wmprr)| {Di[oo|T0[an]| | (D oo|[T0|ap|| (D[ oD| D[ aD|MPFR) | (MPFR)
' Strassen || (D3 DD [ 70| ap|mPFR)| (D}[pD|TD[ap| | (D3 oD[TD[aD|| {D}[ DD 7D [aD [MPFR)
Real BLAS 3 5“"6221_1&"- ------ ;}:{: --------------------- = e e S SO
_______ _seheme||(DJ[0TOJO0 e
LU FYp3/op|TD [ aD (MPFR) ‘D3 oo |10 [aD] |
______________ -\\;\___x RS RS E
v — BNCmatmul
BLAS 1 pipo|To|ap (MPFR) {pilpp|TD|a@D| | (D} Version 0.22
BLAS 2 pi[oo |70 [ao|MPFR) (D3[DD|TD[aD ]|} (D}
| Strassen pi[pp | 7D [aD (vprr) (D[ DD [ TD |aQD] |
Complex | BLAS 3 Fenromimrt{emme it o e e i e e :L
| Ozl D3| 0D | TD | aD [(MPFR) i
_______ _scheme 1) oL L L N A ___
LU MPFR !
______________ L |
SPMV §
7 IEEET54 binary32 - IEEET54 binary64 ——] Double- ] Triple~ op | Quadruple- prR)) MPFR/GMP
‘.. Single precison(24bits)  *._.7 Double precision(53bits) double(106bits) double(159bits) double(212bits) Arbitrary precision




1. 5

el




= E g




—— —\IT\\__ D
= R/K/\—Z D

N [/ . - N
EaEENENR;

Mixed precision iterative refinement method is to reduce computational cost by co
mbining short S digits arithmetic and long L digits arithmetic (S << L).

(cf.) Buttari, Alfredo, et al._International Journal of High Performance Computing A
pplications 21.4 (2007): 457-466

By —RAER:AXx = b, A€ R bh,x e R"

NS o kE W=

(S) Solve Ax, = b for x,
Forv=01,2,..
(L) r, := b — Ax,
L—S) r, =1, /|

L> Xyr1 = Xy + ”rv” Z
L) Check convergence.

(
(S) Solve Az=r, forz.
(
(

X:= XVstop

2023-12-08(Fri)

Computational time

L-digit
Direct
method

S-digit
Direct
method

S-L mixed
iterative
refinement

>
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Forward and
LU decompsition Backward
substitution
______ r__}
F&B
LU : subst. :
______ I
______ - — 1
Matrix-vector F&B Matrix-vector F&B |
LU e TR I
multiplication subst. multiplication subst. |
_____ - —

— [terative process H
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EomaENENREDPythona — K

def iterative_refinement_dd_mp(a, b, maxtimes, rtol, atol):
dim = b.rows for itimes in range(maxtimes):

res =b - a * x
af ch = (ct.c_long * (dim))()
af = init_ddmatrix(dim, dim)
bf = init_ddvector(dim) norm_x = mpmath.norm(x); norm_res = mpmath.norm(res)

xf = init_ddvector(dim) if norm_res < mpmath.sqrt(mpmath.mpf(dim)) * rtol * norm_a * norm_x +
atol:

X = init mpvector(dim) break

res = init_mpvector(dim)

resf = init_ddvector(dim) normalization_coef = mpmath.mpmathify(1) / norm_res
z = init_mpvector(dim) res = normalization_coef * res

zf = init_ddvector(dim)

resf = get ddvector mpvec(resf, res)

norm_a = mpmath.mnorm(a, 'fro')

SolveDDLSPM(zf, af, resf, af ch)
get_ddmatrix_mpmat(af, a)

get ddvector_mpvec(bf, b)
set_ddvector_mpvec(z, zf)

DDLUdecompPM(af, af _ch)
SolveDDLSPM(xf, af, bf, af_ch) norm_res * z

set_ddvector_mpvec(x, xf)




N2 TF =7 T A b 424Dbits, rtol=10-1

A We produce A := RDR™! with the appropriate precision mpmath, where the real diagonal matrix
D = diagld; ---d,] (d; := 107260=1/") and real random matrix R € R"*". Therefore, ro(A) =
HAH2HA—1H2 _ 1026(n—1)/’n.

x,b The true solution is x = [0 1 --- n — 1]!, and we calculate b := Ax with mpmath.
Corei9: n = 2000 EPYC: n = 2000
Prec. iter. refinement | Time(s) | Max.RE | #Iter. || Time(s) | Max.RE | #Iter.
DD+MP (424 bits) 190.7 2.2E-T8 15 294.2 2.2E-78 16
DD+MP (AVX2) 177.0 2.7TE-T7 15 279.4 2.TE-T7 15
TD+MP 171.0 1.0E-80 2 241.0 1.0E-80 2
TD+MP (AVX2) 131.3 8.8E-80 2 200.0 8.8E-80 2
QD+MP 409.8 7.5E-99 1 564.6 7.5E-99 1
QD+MP (AVX2) 176.5 1.8E-98 1 287.9 1.8E-98 1
MP direct (424 bits) 17940.8 | 8.8FE-99 N/A 27700.3 | 8.8E-99 N/A

« AVX2IZ& 25 H{LDENEIL DD+MP L Y TD+MP, QOD+MPTEEE (& 18
0| ¥ 2K TE)

o R/NOFERREIFTD+MP & Z - 7:
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IVP of n-th dimensional ODE to be solved

{ Cfi—{ =f(t,y) e R"
y(to) = ¥o (1)
Integration Interval:|ty, ]

We suppose that this above ODE has the unique solution, so
Lipschize constant L > 0 exists to be satisfied such as

[£(t,v) —£(t, w)|| < L||v — wl| (2)
for Vv,w € R", Vt € [ty, .

\

1D Brusselator problem and K-S eq. has large L >> 1, so they are
called “stiff problems. "



Skeleton of m stages IRK methods

Discretization : tg, t1 :=1to + ho, ..., tp11 := 11 + hp...

When we calculate the approximation yx11 ~ y(fr11) from the
former y. ~ y(t1), the following two steps are executed:

(A) Inner iteration: Solve the nonlinear equation for unknown
Y =Y ...Y,] e R,

(Y1 = ye+he i anf(te + ¢l Y)
< :
\ Yoo = yr+hyg 2?121 a*mjf(tk T thk> YJ)
U
F(Y)=0

(B) Calculate the next approximation y. 1 with the above Y.

Yi+1 = Yi + hg Z bif(tk + cihi, Y;)
j=1

(3)



The whole algorithm of accelerated IRK method
Initial guess: Y_1 € R"™"
For [ = 0.1, 2, ... Simplified Newton iteration

1) (1 z
(1) Y, =" v vt
(2) ¢ =1, @I, —hX @ J, Compute ||C][p
3) d:= (WT'B® I,)(-F(Y)))
(4) Solve Cxp = d for xq (5)
For v = 0,1,2,... Mixed precision iterative refinement
(5) r,:=d - Cx,
(6-1) ), :=r/[ru]| (5)
(6-2) Solve Cz =1/, for z (S)
(6-3) Xpi1 =%y + [|r,[|2
(6-4) Check convergence = x,.,,,
(7) Y1+1 = Y[ + (II" r§< I”)Xf/stop
Check convergence = Y,

stop

Y = Ylstop — [Yl Y2 Yﬂl]T
Vi1 = Yr+ he )il bif(te + cihg, Y5)



1D Brusselator Problem

Brusselator

ATOL =107, RTOL = 1072

5 8 # stages(m) 20
5 = 1+ w?v —4+0. 02 s Precisions DD  MPFR(106) QD  MPFR(212)
v _ g Comp.Time(s) | 7368.0 5794.7 55020.7 7974.1
= 3u — u?v +0.02 -
ot i 3562 # steps 1336 1354 1305 1272
Average (s) 5.5 4.3 42.2 6.3
| Max.Rel.Error | 1.1E-19 3.8E-20 8.4E-19 8.1E-19

% duz =1+ u v; —4 +0.02 - "’:“zﬁ"gui_l
i1 —20;4+0; _
dd? = 3u; — uFv; + 0.02 - ”“(AZ)’;” !

\ Az =1/(N+1)

wo(t) = un1(t) = 1, vo(t) = vy 41 (1
u;(0) =1+ sin(2miAz), v;(0) =3

N = 500)

0, 10]

\

(i=1,2,...
Integration Interval :

» Double precision left preconditioned BICGSTAB method in

DP-MP mixed precision iterative refinement.

= 3.

9000
8000

5000
4000

7000 -
6000 -

3000
2000 -
1000 -

» The discretization of x direction is fixed for benchmarking. o

Brusselator 1D: IRK 20 stages, DD and MPFR

Comptutation
al Time (s)

T e

(3)

3)

DD MPFR(106) MPFR(212)

@(7)
m (6)
[ (5)
m(4)
o(3)
m(2)
m (1)




| A2 fH

/LJ/I\

RETTRE D KE

+d




SIRMAR TR 2 0 B BRI

n

pn(2) =0 ZZTpa(z) = Zaixi (a; € R,a, #0)

i=0
-k KR
n—1
Gn(z) = 2" + Z ciz' (¢; = ai/an) » Cn=1 0
i=0 0
. —C¢ —C1 -
XGEEV T
Z)
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7 = [,zé ) ék) z,,(f)]T c C"
- S £ AT AL :
e BRAVGEEEST BT L, SHER 2 REE
g T%M\gﬁ\%%o (k)
Sk (k) an (%)
- EEERAEE L TIERFH ' T NECIERG
HJ:LJ?A’L( U J )

<, REARRL LTI |
BAUICA D EASL,  3RRE

pn(z(k))
LR (R) pu (")
Z Z n Z( ) - k k)\—
-2 > (@ =)
n jZl
j#i
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N =A== = = 05

JEE T %rgﬁ 12 XD ER

1. DD¥E DXGEEV(Rgeev) TaA Y/ XA V{THCORBEEA KD %
2. INAERBREEFEOTHEL L, REULTOBETRET S

» Abirth ¥IEAE & b SR & L TR,

_ 2(2 — 1
ZZ(O)::_M_FTGXP{((Z )7T+3>i}
n n 2n

n—i) S
FRFERBE Ny, < n

r:i=  max |nnch,;|1/(
0<i<(n—1)

cEOUHEL RATH, BRI TEZLDEZ D TEHBEVLLON
»H'Y, DDBERBEOMBAEINRS RN -7,

SRS 25 — ) < gl + i




B (ERHD REHREADOR 2T

VAND

« Wilkinson D& : & TEH#E
a; =1 &85 py(x) =[[_(x —i) 2L THEZS

lmli
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Wilkinson D47 28: n = 128

Wilkinson n=128, DD, QD, MPREAL(512bits) Rgeev
300

g, = 3.8+ x 10215
|  (RHI2512bitsTHE
100§..:. ‘. ) '. ° :l\//\():.j_\/’/fj—_ﬁlJ%DD,QDa

200

MPREAL 512bitsi§Z CT5 X
-100 TRgeeV%ﬁ

T - DD, QD#SEE 132 < A
e . TWARW—HHHREDREE

MPREAL 512bits DD eQD o MPREAL 512bit8§+§f\\i 5
CLEBENIREN D
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Chebyshevig Nz, D 2 5TH: n = 256

Chebyshev n=256, DD, QD, MPREAL(512bits), Rgeev o ﬁ&k& i512bit8§‘|‘mﬁ
+ 33 /S =4 2 4751% DD, QD,
| T MIPREAL 512bits$sET5 2 T

1 Rgeev Z 1B

"4 L . DD, QDBEIFE<BENETL
' 1N EIERRR E O B

- « MPREAL 512bitsgtT&E Tk 2 %<

BEDOR WERBEHIEN D

MPREAL 512bits DD eQD
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Wilkinson M3 88: n=128. h12bitszt&

Erel 1= T.5 X 1071 g1 := 1.0 x 107300

n=128 Wilkinson

EPYC MPLAPACK Rgeev DKA2(1024bits) DKA3(1024bits) DK2(1024bits)+DD DK3(1024bits)+DD
Unit: MPFR

second DD 512bits Second #lter. Second #lter. Second #lter. Second #lter.

1 Thread 79.7 1374 71.1 691 30.8 538 51.5 512
2 Threads 39.8 1374 36.6 691 15.4 535 26.1 509
4 Threads 0.106 51 20 1374 18.7 691 8.14 562 14 512
8 Threads ' ' 10.1 1374 8.96 691 1.43 195 1.42 99
16 Threads 5.15 1374 4.55 691 2.07 557 3.32 511
24 Threads 3.88 1374 3.74 691 1.52 541 2.69 511
n=128 Wilkinson

Xeon MPLAPACK Rgeev DKA2(1024bits) DKA3(1024bits) DK2(1024bits)+DD DK3(1024bits)+DD
Unit: MPFR

second DD 512bits Second #lter. Second #lter. Second #lter. Second #lter.

1 Thread 58.6 1374 50.8 691 22.3 538 37.1 512
2 Threads 29.2 1374 26.2 691 11.3 535 18.8 509
4 Threads 0.09 35 15.3 1374 13.7 691 6.18 562 9.93 512
8 Threads ' ' 7.78 1374 6.86 691 1.1 195 0.996 99
16 Threads 4.73 1374 4.16 691 1.86 557 2.97 511
18 Threads 4.88 1374 4.37 691 1.9 557 3.05 511

IRF a1 EMPFR RgeevEtEREI L U @R TH 5 Z & 2T,

2023-12-08(Fri)
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|Relative error|

Wilkinson D44l 22: EPYC vs. Xeon

Relative error : Wilkinson n=128 Wilkinson n=128, Speedup Ratio, Wilkinson n=128, Speedup Ratio,
EPYC Xeon
1E-14 0 50 100 150 20.0 40
- @]
1.E-31 2 300 % 0
1.E-48 0; x
2 20.0 — 2 20
1.E-65 3 @
2 100 S 15 e
1.E-82 & S A —
1.E-99 / 0.0 . P
LE-116 / 1 Thread 2 Threads4 Threads8 Threads - 16 . 24 | 1 Thread ) 4 8 16 18
1E-133 / reads reads Threads Threads Threads Threads Threads
Leaso ! DKA2(1024bits) DKA3(1024bits) —— DKA2(1024bits) DKA3(1024bits)
DK2(1024bits)+DD DK3(1024bits)+DD DK2(1024bits)+DD DK3(1024bits)+DD
Rgeev 512bits DKA+DD 1024bits

« MPFR Rgeev & R RIEEIZRIEEDOHENEREZEDELIEZE T 5,
» 8 Threads T jﬁ?—\?ﬁ\,uj:%b W5 DL, DDBEDIFLEZ B W55 D

}i ﬁ&ﬁ\/%&}ibfu_k_ cj: %o
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Chebyshevig 5

INTL D

5 n=256, 256 bitstZ$h

Erel 1= 8.6X107%8 g1 :=1.0 x 10739

n=256 Chebyshev
EPYC MPLAPACK Rgeev DKA2(512bits) DKA3(512bits) DK2(512bits)+DD DK3(512bits)+DD
Unit: MPEFR
second DD 256bits | Second #lter. Second #lter. Second Hlter. Second #lter.
1 Thread 203.0 1344 183 671 47 316 70.3 264
2 Threads 100.0 1344 93.8 671 7.11 96 10 73
4 Threads 1.99 57 6 51.1 1344 46.3 671 3.62 96 5.08 71
8 Threads ' ' 25.3 1344 23.1 671 5.77 308 8.92 264
16 Threads 13 1344 11.7 671 0.918 95 1.22 71
24 Threads 8.96 1344 8.1 671 2.02 263 3.1 263
Chebyshev n=256, 256bits-Rgeev, 512bits-
DK « Rgeev& R RIEEDTLIEEZ(ZIXRE CHEITIRE DT LUE %

|Relative error|

---Rgeev(Re)

1.00E-29
0 50

1.00E-30

100 150 200 250 300

7 NA
' |

1.00E-31

1.00E-32

1.00E-33

Rgeev(Im) DK+DD(Re) DK+DD(Im)

2023-12-08(Fri)

T%T L\%o

- DK2-DD, DK3-DD(DD Rgeevz #HA(E & ¥ %) IE RIEE D

ZAL DK E L,

o RFEDIEMPFR Rgeevit&E
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Chebyshevig 2T\ D = n=512, 512bitstRZk

n=512 Chebyshev Erel :=7.5 X 107 g1 1= 1.0 x 10739
EPYC MPLAPACK Rgeev | DKA2(1024bits) DKA3(1024bits) DK2(1024bits)+DD | DK3(1024bits)+DD
MPFR

Unit: second| DD 512bits | Second #lter. Second tlter. Second #lter. Second #lter.

1 Thread 2850.0 3032 2460 1510 500 552 577 357
2 Threads 1370.0 3032 1210 1510 90.9 200 67.8 82
4 Threads 9.84 636.0 689 3032 614 1510 46.1 202 34.5 83
8 Threads ' ' 344 3032 307 1510 62.8 550 77.3 363
16 Threads 173 3032 174 1510 11.8 205 8.59 84
24 Threads 120 3032 106 1510 8.47 213 6.57 83

Chebyshev n=512, 512bits-Rgeeyv,

1.00E-55
0

1.00E-57

1.00E-59 F'¢

|Relative error|

1.00E-63
----- Rgeev(Re)
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Chebyshevig

DINSTL D L Xeon

n=256

Xeon MPLAPACK Rgeev DKA2(512bits) DKA3(512bits) DK2(512bits)+DD DK3(512bits)+DD
MPFR

Unit: second DD 256bits | Second #lter. Second #lter. Second #lter. Second #lter.

1 Thread 146.0 1344 127 671 32.1 316 49.2 264

2 Threads 69.0 1344 64.8 671 4.95 96 6.91 73

4 Threads 1.1 38.4 36.3 1344 34.2 671 2.61 96 3.59 71

8 Threads ' ' 18.6 1344 17.7 671 4.2 308 6.63 264

16 Threads 10.9 1344 10 671 0.779 95 1.07 71

18 Threads 10.8 1344 9.79 671 2.32 293 3.62 250

n=512

Xeon MPLAPACK Rgeev DKA2(1024bits) DKA3(1024bits) DK2(1024bits)+DD DK3(1024bits)+DD
MPFR

Unit: second DD 512bits Second #lter. Second #lter. Second #lter. Second #lter.

1 Thread 2030.0 3032 1740 1510 362 552 407 357

2 Threads 1020.0 3032 937 1510 67.3 200 48.2 82

4 Threads 9.95 441.0 528 3032 471 1510 35.3 202 25.5 83

8 Threads ' ' 267 3032 238 1510 48.5 550 56.5 363

16 Threads 159 3032 142 1510 10.8 205 7.85 84

18 Threads 151 3032 132 1510 26.9 539 31.7 365

2023-12-08(Fri)
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